
JOURNAL OF APPROXIMATION THEORY 50, 167-174 (1987)

Distribution of Fractional Parts and
Approximation of Functions with

Singularities by Bernstein Polynomials

A. F. TIMAN

Department of Higher Mathematics, Institute of Technology and Chemistry,
Dnepropetrovsk, U.S.S.R.

Communicated by Paul G. Nevai

Received September 12, 1984

DEDICATED TO THE MEMORY OF GEZA FREUD

1. INTRODUCTION

In this paper we establish an asymptotic property of the sequence of frac
tional parts {nrx} (n = 1, 2, 3,... ) and its relation with the asymptotic
behavior of the uniform approximation by Bernstein polynomials

(1)

of functions f(x) having a singularity on the interval 0,,:;; x":;; 1.
As usual, we denote by [a] the greatest integer which does not exceed a

and set {a}=a-[a], the fractional part ofa. It is well known that for
every irrational number iX the sequence {niX} (n = 1,2, 3,... ) is everywhere
dense in [0, 1]. By a theorem of H. Weyl [1], the numbers of {niX} are dis
tributed uniformly in [0, 1], i.e., for arbitrary t E [0, 1], we have the limit
relation

I
. vn(t)
1m --=t

n-+oo n
(2)

where vn(t) denotes the number of values of the sequence {kiX} (1,,:;;k":;;n)
for which {kiX} < t.

These results are, however, false if iX is rational. In this case the
corresponding sequence is discrete and periodic with period determined
by iX.

The purpose of this paper is to show that, in spite of this distinctive
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nature of the sequence of fractional parts {na. J characterizing the set of
irrational numbers, there is an asymptotic property of this sequence valid
for both irrational and rational values of a.. This property, in particular,
turns out to be connected with some problems in the theory of
approximation by algebraic polynomials of functions having singularities.
This connection permits the establishment of the following result which
complements the asymptotic equality (2).

THEOREM I. Let 0< a. < I and

Ck(a.) = {ka. }a.,

= (I - {ka. })( 1- a.),

Then the series

if {ka.} < 1- a.

ij' {ka. } ): 1- a..
(3 )

L Ck(a.) (4)
k ~ I k'

converges for all a. E (0, I) ij' and only if r> I. For r> 1 and
arbitrary a. E [0, 1], we have the asymptotic equality

lim n' I. I ck(a.)=a.(l-IX). (5)
II-a:: k~1I k' 2(r-1)

Note that, by (3),

ck(a.)::(a.(l-a.), (k= 1,2,3,... ).

Hence,for t): a.( 1- IX), all the values ck( a.) satisfy the condition cd a.)::( t. On
the other hand, ij' 0< t < a.( 1 - a.), where a. is irrational and vn( t) is the num
ber oj'values ck( a.) (l ::( k ::( n) for which ck( a.) < t, then by (2), we have the
asymptotic equality

nt
vn(t) = a.(l- a.) + O"(n), as n -> 00,

which completes the limit relation (5) for Theorem I.

2. SHARPENING OF THEOREM 1 FOR a. RATIONAL

In case when a. is rational Theorem 1 can be proved directly by using the
following elementary lemma which may be useful in other problems as well.
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(6)

LEMMA. For every rational numbera=p/qE(O, 1) with (p,q)=1, we
have

1 q 1- L ck(a)=-a(1-a).
q k~ I 2

Proof of the Lemma. Let M(q) denote the set of positive integers k:(; q
for which {ka} < 1 - a and Nlq) the set of positive integers k:(; q for which
{ka}>1-a. We show that for rx=p/qE(O, 1), (p,q)=1, and for any
k E M(p) with k # q, there is a unique S E M(q) such that

{krx }+ {srx } = 1 - rx.

Indeed, consider the Diophantine equation

px - qy = q - p - q {krx },

(7)

(8)

whose right-hand side is positive if k E M(q). Since (p, q) = 1, there exist
integral solutions. All solutions of (8) can be written in the form

x=qm-k-1,

y=pm-[krx]-1,

where m is an arbitrary integer. If k E M(q) then, among these solutions,
x E M(q) if and only if m = 1. Consequently, for every k E M(q), k # q, there
is a unique s = q - k - 1 E M(q) which satisfies (7). In case when k = q the
unique value s which satisfies this condition is contained in N(q) and is
equal to q - 1 (m = 2).

Analogously, we can show that for every k E N(q) with k # q - 1, there is
a unique S E N(q) such that

{ka } + {sa} = 2 - a.

Here, instead of (8), we consider the Diophantine equation

px - qy = 2q - p - q{ ka}

whose general solution is

x=qm-k-1,

y = pm - [ka] - 2.

(9)

If k E N(q) then, among these solutions, x E N(q) if and only if m = 1. Hence,
for every k E N(ql, k # q - 1, there is a unique s = q - k - 1 E N(q) which
satisfies (9). In case when k = q - 1 the unique value s which satisfies this
condition is contained in M(q) and is equal to q(m = 2).
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(r > 0).

Thus, for a = p/q E (0, 1), (p, q) = 1, it follows from (3) that
q

L ck(a) = L cda) + L Ck(ex)
k~ I kEM!q) kEN!q)

1
= a L {ka} + (1 - a) L (I - {ka} ) = -2 qa( 1- ex),

kEMlq) kENlq)

and we obtain (6).
By (6), for rational a = p/q E (0, 1), (p, q) = 1, and for any positive

integer /l, we have the inequalities

a(1- a) iI'+ l)q ck(a) a(1- a)
-::-:-------,- ~ " -- :::; ------,
2(/l + I )rqr - I " L. k r 2/l rqr 1

k~llq+ I

Therefore, if n = mq + v (m = 1, 2,3,... ; 0:::; v:::; q) and r> 1 then

CD cda) (m+llqck(a) CD (Jl+l)q ck(a)
Ly= L y+ L L y

k~ n k~ n Jl ~ m+ I k= I'q + I

~ (ll~l)q Cda)+(Q(~)= a(l-a) +(Q(~)
L. L. k' nr 2(r _ 1)nr-- I nr '

Jl~m+ I k~Jlq+ I

i.e., we have (5) and, for r = I, the series (4) is not convergent.
For a irrational, the proof of Theorem 1 requires different arguments and

can be carried out by using the theory of approximation of functions by
algebraic polynomials.

3. ApPROXIMATION OF FUNCTIONS HAVING SINGULARITIES BY

BERNSTEIN POLYNOMIALS AND FRACTIONAL PARTS

The study of the asymptotic behavior of the uniform polynomial
approximation of functions whose derivatives have a jump discontinuity in
[0, 1] reduces to the study of uniform approximation of the simplest type
of such functionsf(x) = Ix - al (0 < a < 1). If we approximate f by
Bernstein polynomials (1) then, due to the convexity of this function the
maximal value of uniform approximation is achieved at the point x = a, i.e.,

max If(x)-Bn(f;x)1 = Bn(f; a)
O~x~l

(n= 1, 2, 3, ... ). (10)

The asymptotic behavior of the sequence Bn(f; a) for f(x) = Ix - exl
(0 < a < 1) was studied by R. Bojanic [2], who established the limit
relation

. r:. j2a(1- a)hm yn·Bn(f;a)= .
n_ 00 n

(11 )
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An earlier method which was applied in [3] to the functionf(x) = x"
allows to obtain a different formula for the left-hand side of (11). This
makes it possible to obtain a relation between the sequence (10) and the
sequence of fractional parts {nrx} (n = 1, 2, 3... ).

THEOREM 2. If f(x) = Ix - rxl (0 < rx < 1) then

Bn(f; rx) = Jnrx(12_ rx) . k~n C~~~) + (Q G)'
uniformly for n ~ 1 and rx E [/;, 1 - /;], where /; > 0 is arbitrary.

Proof of Theorem 2. Write the sequence Bn(f; rx) in the form

CK_:

Bn(f;rx)= L (Bk(f;rx)-Bk+!(f;rx))
k=n

and consider the differencesBk(f;rx)-Bk+,(f;rx) (k~n). From (1) it
follows immediately that

= vt, e:~ ~VfGD-fC: 1)

+k:l f C: 1
))(k:l)a

V
(I-rx)k+l-v. (12)

Note that if 0 < a < 1 and m = [ka] + 1 then we always have

m-l
-k-~a,

m
k>a.

Thus, for the functionf(x) = Ix - rxl, it follows from (12) that we have

Bk(f; a) - B k + ,(f; rx)

=e:~~mf(~)-fC: 1)

+ k: 1f(m~ 1)) e; 1) rx m (1-a)k+! m

Consider the two possible locations of the point m/(k + 1): m/(k + 1) > a
and m/(k + 1) ~ a. Let M n be the set of positive integers k ~ n for which
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mj(k + I) > CJ. and N" the set of positive integers k;:: n for which
mj(k + 1)~ IX. If k EM n then we have for the functionf(x) = Ix - ell:

k+l-m o(m) .( m) m o(m-I) m ( m-I)
k+l f k -f k+1 +k+l f ~ =2 k + 1 el--k -

= 2 [kIX J+ 1 {kIX} = 2IX {kIX} + 2 (I - IX - {kIX }) {kIX} .
k + 1 k k k(k + 1)

By the local limit theorem of probability theory, for 0 < IX < 1, we have the
asymptotic relation

(
k + I) el rn (1-el)k+ I rn =_1_ 1 + (I) (~), (13)

m ~JkIX(l-IX) k

uniformly with respect to k and IXE [8, 1-8J (8)0). Hence, in our case
when kEM",.f(x)= Ix-ai, we have

If kEN" we have

k + 1- m (m) (m) m (m - I)
k + I f k - f k + 1 + k + 1f -k-

=2(I-k:I)(~-IX)
_ (_ {kIX } - 1 + IX) 1- {kIX}
-2 1 el+ k+ 1 k

1 - {kIX } ({kIX } - 1 + a) (I - {kIX} )
=2(I-IX) k +2 k(k+ I) .

Hence, by (13), for kEN", we have

. )2(1 - IX) 1- {kIX} ( 1 )
Bdf; IX) - Bk + ,(/; IX) = 7W' k3/2 + (I) k 2 .

Therefore, we obtain

~
a {ka} J2(I-IX) 1-{kIX} (I)

B,,(f;rx)= (1-) L k3/2+ L k 3/2 +(1) -,
n a kEM, nIX kEN, n
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4. RETURN TO THEOREM 1
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Validity of asymptotic equality (5), for r = 3/2, follows from the com
parison of the statement of Theorem 2 with the result of R. Bojanic men
tioned earlier. For the other values of r, the proof of Theorem 1 can be
obtained by the means of the Abel transformation. If r = 3/2 + p and

(n= 1, 2, 3, ... )

then

where

On the other hand,

and we already proved that

0:(1-0:) (1)
(In = n 1/2 + (I) n'/2 .

Consequently, for r ~ 1, 0 < 0: < 1, the series (4) does not converge and, for
r> 1,

It follows that, for r> 1, we have

and we obtain the limit relation (5).
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Note that, by using the terminology of probability theory, we can refor
mulate the statement of Theorem I as follows:

For every real number rt.E(O, 1), the mathematical expected value En(rt.)
of the discrete random variable taking value ck(rt.) (k= 1, 2, 3,... ) with
probability

O<k<n

k~n,

for arbitrary r> 1, satisfies the limit relation
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